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Localization of Wave Propagation in Disordered
Periodic Structures

G. Q. Cai* and Y. K. Lint
Florida Atlantic University, Boca Raton, Florida

A structure designed to be spatially periodic in its configuration cannot be exactly periodic due to material,
geometric, and manufacturing variabilities. Such variabilities are random, and their presence (often referred to as
disorder) can reduce the ability of the structure to transmit waves from one location to another. The phenomenon
is known as vibration confinement or localization. A new perturbation scheme is developed in this paper on the basis
of probability theory to calculate the average exponential decay rate of wave transmission with respect to the
distance of transmission, called the localization factor. Account is also taken of structural damping. The new
scheme permits successive improvement of accuracy, making it applicable to either weak, strong, or moderate
localization. Moreover, the analysis is based on a generic periodic structure; thus, it is not restricted to a specific
set of governing equations. These are achieved by taking into account reflections from nearby disordered cell-units
successively and substituting the ensemble average for the sequential average of certain statistical properties of the
cell units on the basis of spatial ergodicity. Application of the method is illustrated by an example, and the results

are compared with Monte Carlo simulations.

Introduction

ANY engineering structures are designed to be com-

V¥ A posed of identically constructed cell units that are con-
nected end to end to form a spatially periodic array. Such
structures are known as periodic structures and have been the
subject of extensive investigations for more than 30 years
(e.g., Refs. 1-6). One well-known property common to peri-
odic structures is their alternate wave-passage and wave-stop-
page frequency bands. If a periodic structure is undamped
and is infinitely long, then disturbances at frequencies within
the wave-passage bands can propagate indefinitely, whereas
those within the wave-stoppage bands diminish in a short
distance. _

However, due to material, geometric, and manufacturing
variabilities, a structure designed to be periodic can never be
exactly periodic. The departure from ideal periodicity is
known as disorder, which must be taken into account in a
realistic analysis. To our knowledge, the earliest work dealing
with disordered engineering periodic structures from a proba-
bilistic point of view was that of Soong and Bogdanoff using
a perturbation approach. They studied the variability of the
natural frequencies and normal modes for free vibration,” as
well as the frequency response and impulse response for
forced vibration of a finite chain of mass-spring-damper units
due to the variability of the unit properties.® Subsequently,
Lin and Yang®>!® applied a similar approach to a beam on
many supports, with the span lengths between neighboring
supports and the bending rigidities of various spans differing
randomly from the respective nominal design values.

The ability to transmit disturbances indefinitely within the
wave-passage bands is reduced when the ideal periodicity in a
periodic structure is disrupted. This is known as the localiza-
tion effect, first predicted by Anderson!! in a celebrated paper
concerning the transport of electrons in an atomic lattice,
which is essentially a disordered three-dimensional periodic
system. Anderson’s work has found important applications in
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solid-state physics. Since then, numerous papers on localiza-
tion have appeared in the physics literature.!?

Obviously, localization also occurs in disordered periodic
structural systems, but its theoretical investigation is more
difficult than that of a one-dimensional atomic lattice since
governing equations for structural systems are generally more
complex. Using the models of a chain of coupled pendula and
a vibrating string constrained by attached masses and springs,
Hodges!® provided an excellent explanation for the con-
finement of vibration and for localized normal modes as a
result of structural irregularity. Subsequently, he and Wood-
house!* calculated the so-called localization factor for one of
the systems, characterizing the average exponential decay of
vibration amplitude with respect to the distance from the
disturbance. Two perturbation schemes were devised to treat
the cases of weak and strong localizations, depending on the
relative measures of disorder and internal (namely, unit-to-
unit) coupling.

Pierre'® also calculated the localization factor for both
weak and strong localization, using both the wave propaga-
tion and normal mode formulations and obtained essentially
same results. He devised two perturbation schemes to treat
the two cases when the ratio of the disorder measure to the
internal coupling measure is either large or small. As ex-
pected, his results were not very accurate when this ratio is of
order one.

The first analysis of a generic. disordered periodic system
was given by Kissel,'® who used the concept of wave transmis-
sion and reflection, and a limit theorem on the product of
random matrices due to Furstenberg.!” For a wave motion
propagating at a wave-passage frequency, no reflection would
occur at the unit-to-unit interface if the system were exactly
periodic. When two adjoining units are not identical, total
transmission is no longer possible, and some reflection will
take place at the interface. However, Kissel’s analysis requires
that the reflection be small; thus, his results are valid only for

. the case of weak localization.

Unlike previous investigators, Kissel has also explored the
case of multicoupling, namely, the internal coupling that
permits the transmission of several types of waves. An outline
was provided of an approach based on the multiplicative
ergodic theorem of Oseledets.!® Unfortunately, the theorem
only predicts the existence of a localization factor (analogous
to the Liapunov exponent in the time domain, of interest to
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Oseledets), without providing the necessary clues regarding
how it can be calculated.

The ability to treat a generic system is clearly very desir-
able, since the analysis is applicable to a general class of
problems, not restricted to a specific type of governing equa-
tions. Furthermore, it appears easier to extend such an analy-
sis to the case of multicoupling, which is likely to occur in
many practical structural systems. Thus, it is also the objec-
tive of the present paper to calculate the localization factor
for a generic disordered periodic structure. A new perturba-
tion scheme is developed here that permits successive im-
provement of the accuracy, making it applicable to either
weak, moderate, or strong localization. The additional accu-
racy is obtained by taking into account reflections from
additional nearby cells. Account is also taken of structural
damping; thus, the results are more useful to practicing
engineers. The key to the successful development of a simple
theory under rather general settings is the substitution of
ensemble averages for sequential averages of certain statistical
properties of the structure on the basis of spatial ergodicity.
The simplicity of the new method is illustrated by applying it
to a multiply-supported Euler-Bernoulli beam with an addi-
tional torsional spring at each support. The accuracy of the
results is substantiated by Monte Carlo simulations. Only
monocoupling at the unit-to-unit interfaces is considered in
detail. The case of multicoupling will be discussed further in
another paper.

Wave Transmission and Reflection Matrices

Consider two typical cell units in a disordered periodic
structure, denoted as cells # and n + 1 and shown in Fig. la.
The relation between the state vector at the left end of cell
unit 7 and that at the left end of cell unit » + 1 may be written

as follows:
wn —1,) w(n;)
=[T(n
{f(n + 1,)} o )]{f(nz)} M
where each w is a p-dimensional vector of generalized dis-
placements, each fis a p-dimensional vector of generalized
forces, and [T(n)] is a 2p x 2p transfer matrix associated with
the nth cell. It is implied in Eq. (1) that the motion is timewise
sinusoidal, and the displacements and forces are interpreted
as their complex-valued amplitudes. Because of disorder,
[T(n)] is generally different from the ideal transfer matrix [T)
associated with the ideal design condition of exact periodicity.
Nevertheless, it is always possible to write

[T(m)] = [P(MIT] 2
W(ny,) W(n+1g,)
T(n) T(n+1)
f(ny) f(n+1y)
lL— cell n l cell n+1 ———-—|
a) )

win)  wlg)| [w(etly) -

T P(n) T '}:‘
1(ng) f(nc) f(n+1y) &

‘—————- celln ——-+——— cell n+1 ——ﬁ
b . ,

Fig. 1 State vector representation: a) original system; b) equivalent
system.
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which means that the effect of disorder in the nth cell can be
lumped at its right end and represented by a “point” transfer
matrix [P(n)]. In other words, the original system shown in
Fig. 1a can be replaced by an equivalent system shown in Fig.
1b. In typical transfer matrix analysis'® a point transfer
matrix is used to relate state vectors on the two sides of a
structural discontinuity that may arise from a concentrated
mass, spring, damper, etc. However [P(n)] in Eq. (2) is merely
a mathematical device, and it may even correspond to, e.g., a
negative mass.
Refer to Fig. 1b and write

w(n,) w(n,)
= 3
{](n,) } m{ﬂnz) } 2
win+1,) w(n,)
{j(n +1) } = [P(")]{f(n,) } (3b)
Each state vector in Eq. (3a) can be transformed into a wave
vector using
w(n,) wn)
=[D 4
{f(nz) } .[ ]{#’(nz)} )
win)| _ o)
{f(nr)}_ (P ]{u’(n,)} @

where the columns in the transformation matrix [D] are the
eigenvectors of [7]. These eigenvectors must be arranged in a
particular order, which will become apparent in the subse-
quent development. We then obtain a wave-transfer relation-
ship,

A 0

A
WO o (W) | e
=[D]! D = .
{ﬂ’(n,)} 21 ]{u’(n:)} : {a’(n,)}
0 iy
)

in which 4;, j=1,..,2p are the eigenvalues of the ideal
transfer matrix [7]. Each J; represents the ratio of complex-
valued amplitudes of one type of wave at the two ends of an
ideal cell unit. Since damping generally exists in a physical
structure, the magnitude of a wave decreases when it propa-
gates across a cell. Thus, each eigenvalue accounts for the
reduction of the wave magnitude, as well as the change of
phase from one side of an ideal cell unit to another. It is
known that eigenvalues of a transfer matrix are reciprocal
pairs.> For every A, there exists another 4, =471 If [4;| < 1,
then |4, | =|4;|=! > 1. They correspond to two identical types
of waves, except that one is right-going and the other is
left-going. The limiting case |A,|=1 can only occur in an
undamped structure and only at a frequency in one of the
wave-passage frequency bands.

We arrange the order of eigenvectors in [D] so that the
corresponding eigenvalues are in ascending order; thus,
|4;|<1ifj=1,2,..,p,and [4|>1if j=p+1,p+2,..,2p.
Equation (5) may then be rewritten as follows:

(n A ,
e R o
where
A 0
A< | ©
0 i

Or, alternatively,

utny) _ n(n)
{u'(n,)}‘[sl{u’(n,)} ®
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| #r(ng) #‘(_n_r)_ w(n+1e)

o |aw Q z
— —— o 5;
#H(ng) #4(ny) pYn+1y)
joat——  cell n -——-{-— cell n+1 ———‘

Fig. 2 Wave vector representation, equivalent system.

with

0 A
[51=[A O] ©®)

The meanings of the superscripts r and / associated with the
wave vectors g are now clear; they indicate the right-going
and the left-going wave groups, respectively, transmitted from
one end of an ideal cell to the other, as shown schematically
in Fig. 2. In fact, Eq. (8) has been written to suggest that
u'(n;) and g'(n,) are the input waves, and g'(n,) and p'(n,) are
output waves, as viewed by the structural unit that is charac-
terized by [S].

Similar transformation of the state vectors in Eq. (3b) to
wave vectors results in

win+1)) u'n)
{n’(n + 1,)} = [Q(")]{n'(n,)} (10

where

A—l
[Q(m)] = [D]~'[P(m)][D] = [D] [Tt (n)][D][ A] (n

Equation (10) can be recast in the form of Eq. (8), namely,

wn) 1 _ wn,)
{ﬂ’(n + 1,)} = [S(n)]{n’(n + 1,)} (12)

The elements in [S(n)] can be obtained from those of [@(n)] as
follows:

s =—4%" (13a)
S=95" (13b)
$1=qu—q129% 92 (13¢)
. S =aen @ (13d)

In Egs. (13a-13d) s; and g¢; are p x p submatrices of [S(n)]
and [Q(n)], respectively, and the argument (r) is omitted in
denoting the submatrices for simplicity.

It is physically meaningful to rename the submatrices of
[S(n)] as r'(n) = §,,, t'(n) = 515, '(n) = s,;, and r'(n) =s,, and
rewrite Eq. (12) as

we) | _[re) fm]f w (4
pn+1,) t'(m) r'@) [|p'n+1,)

The submatrices # and r are called the transmission and
reflection matrices, respectively. The superscript for each of
these submatrices signifies the direction of an incoming wave
group to be transmitted or reflected. For example, ¢'(n) is a
transmission matrix for an incoming wave group traveling in
the right direction.

The matrix [S(n)], which contains the transmission and
reflection submatrices, is known as a scattering matrix. This
particular scattering matrix characterizes the effects of disor-
der in the cell # that are lumped at the right end of cell n, as
shown schematically in Fig. 2. In wave mechanics the concept
of a scattering matrix is quite general; it characterizes the
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behavior of any identifiable structural element. In fact, the
matrix [S] in Eq. (8) is also a scattering matrix, in which the
transmission and reflection matrices are t"=#¢'=A and
r" = r! = 0. These submatrices of [S] are also related to those
of a matrix [Q] according to Egs. (13a—13d), although, in this

special case,
A O
[Q]=[0 A_l] (15)

It is interesting to remark that all scattering matrices are
symmetric, a consequence of the reciprocity theorem for
linear acoustic systems.

" For a chain of cell units 1-N we may write

WO +1)) w(l,) '
{n’(N + 1,)} =1 ’1)]{;«'(1,)} (16)

where
[O(N,1)] = [N QION — 1)][Q]---[Q(1)j[Q] 17

and where [Q(n)] and [Q] are given in Egs. (11) and (15),
respectively. Equation (16) can be recast in the form

r(L) w(l)
{ﬂ’(N + 1,)} =S¥ ’1)]{n’(N+ 1,)} (18
in which
_[rav (N1
ISV} = [t’(N,l) r’(N,l)] (19)

Elements of the matrix [S(N,1)] are related to those of matrix
[@(N,1)] according to Egs. (13a—13d). From the second row
of Eq. (18) we obtain

N+ 1) =N, Dp'(1,) +r'(N,Dp'V +1,) (20)

Case of Monocoupling

We shall now consider the case of monocoupling in more
detail. In this case the wave transfer matrices Q and the
scattering matrices S become 2 x 2, and the transmission and
reflection matrices reduce to the transmission and reflection
coefficients. Moreover, we shall assume for the time being that
cells N+1, N+2,.., o are without disorder; thus,
#'(N +1,) =0. Then Eq. (20) is simplified to

WN + 1) ='(N,Du(1,) e2y)

The localization factor is defined as

. 1 u'(N+1,)
y=-—lim —fnl————" 22)
W N TR (
BN +1,)=0
Upon using Eq. (21),
.1 ,
y = —IJEnw ﬁfnlt w,n| _ (23)

It implies that, if the limit in Eq. (23) exists, the transmitted
wave has an average exponential decaying rate of y per cell
unit. This simple result can also be derived from an applica-
tion of Furstenburg’s theorem on products of random ma-
trices.!’ '

In passing, we remark that for the monocoupling case
t'(N,1) = t/(N,1), as can be proved from Egs. (13a—13d) and
from the fact that |Q(N,1)|=1 since [@Q(N,1)] is a transfer
matrix.?
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Several specific cases will now be considered in the order of
increasing complexity:

1) Small reflections: If all of the reflection coefficients due
to disorder are small, so that the effect of multiple reflections
is negligible, then ¢"(N,1) can be approximated by

t(N,D = (D17(2).... (NN (24)

From Eq. (13b), t'(n) = t'(n) = t(n) = g5'(n). Whence

.1 X
= —{x|A| + 1\}1_120 an;l ¢n|gan (@) (25

For disordered cells each uncertain parameter may be repre-
sented as a mean (or nominal value) plus a random variable.
Then g,,(n) are functions of such random variables that may
be denoted by

422(n) = g[X(n)] (26)

where X(n) = {X,(n), X,(n), ..., X, (n)} is a vector of random
variables with zero means. It is reasonable to assume that
X, (n) for different n are independent and identically dis-
tributed and that they form an ergodic sequence. Then the
sequential averages in Eq. (25) may be replaced by ensemble
averages; namely,

y = —¢n|A|+ | £2|g2(®)|p(x) dx 7

where p(x) is the probability density of X(n), and the integra-
tions are carried out in the domain of the random vector X(n).
Equations (25) and (27) are equivalent with probability one.
If X(n) is a k vector, the integral in Eq. (27) is actually a
k-fold integral. Given the forms of ¢,,[X(n)] and the probabil-
ity distribution of X{(n), the integral can be evaluated at least
numerically. In simple cases it can often be carried out in
closed form, as shown later in an example.

If the system disorder is also small, then Eq. (27) may be
approximated by

0
= —tn|,1|+ {a 2/n|q22(x)|} (28)

where o? are the variances of X;(n). If, in addition, the
structure is undamped and y is evaluated at a wave-passage
frequency, then |4] =1, and Eq. (28) reduces to

62
Y _—2_{6X2 f"lqzz(x)l} 29

Equation (29) has been obtained previously by Kissel.!®

p(nr) (1)
2
= (3)
Q g; Q Q(n) Q
cell n—1 —J‘ cell n IL cell n+1
(1) t(n)pr(n:)

(2) t(n)A2(n—)re(n)u(nr)
(3) t(n)[A2e4(n—1)er(a)| ()

Fig. 3 Schematic representation of transmitted waves through lhe
interface between cells # and » + 1.
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It should be emphasized that Eq. (27) is valid only for
small reflection coefficients that imply that localization is
weak. Equations (28) requires both small reflection co-
efficients and small disorder, and Eq. (29) additionally re-
quires a zero damping and a wave-passage frequency.

2) Moderate reflections: If the reflection coefficients due to
disorder are not sufficiently small, the approximation Eq. (24)
may not be adequate. For improved accuracy certain multiple
reflections will be considered. As shown in Fig. 3, the right-
going wave u'(n,) gives rise to a right-going transmitted wave
t(mu'(n,) and a left-going reflected wave r(n)u’(n.). The
reflected wave travels through cell #» and is itself partially
reflected back at the interface between cells n and n — 1. This
backreflected wave also travels through cell n, whereupon it
sphts again into reflected and the transmitted parts. The latter
is clearly #(n)A%r'(n — )r'(n)u’(n,), and the former travels
back through cell n, etc. Summing up all of the right-going
waves that pass through the interface between cells n and
n + 1, we obtain

pn+1)=tm{1+ A (n - Dr'@n)
+[A%r(n — DrrmP? + - }u'(n,)

_ ()
T 11— —

) win,) (309)

Thus,

) X H)Y
rIND = nl;II 1= 2% (n — Dr'(n)

It follows from Egs. (23) and (13a—13d) and the ergodicity
assumption,

€2))

Y= —/nlll + f/n|q22(x)p(x) dx

Ji[ ll_i_)v q12(%2)q21(x1)

dx 2
T )y |PEIPE) dxide - (32)

The third term is seen to provide added accuracy over Eq.
(27). Equation (32) is valid for the case of moderate localiza-
tion.

3) Strong reflection: Equation (32) may still be inadequate
if the reflection coefficients are relatively large (although each
cannot have a magnitude greater than one). However, higher
accuracies can always be obtained by including more reflec-
tions at the interface between cells n — 1 and n —2 is also
taken into consideration, then

Wn+1,) = t(n)[l = c)] wn) (33)

c
O =p=

where
a=2i%'n—Dr'(n (34a)
b=ir'(n=2r'(n—1) (34b)
c=t}n — DA% (n - r'(n) (34¢)

Again, using Eqgs. (13a-13d) and mvokmg the ergodicity
assumption,

y = —¢n|i| +f/ﬂ[q22(x)W(x) dx — J‘J‘an

_ fZ(xl »X2 7x3)
[T+ /1 Genx)I(1 + £ (e2,x3)I[ 1 + f2(x1,%2,%5)]

p(x)p(x2)p(x;) dx, dx, dx; (35)

1 +f1(x1,xz)
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where
221112(%)421(-’ 1)
Xy) = ——————— 36
FiExs) G22(%1)g22(x7) (36a)
Fo(x1,%,%5) = l“qu(x3)q21(x1) (36b)

‘I%z(xz)qzz(xs)‘hz(xl)

Formulas of still higher accuracies can be derived in an
analogous manner.

Example
For illustration, the theory given in the preceding section is
applied to an Euler-Bernoulli beam on evenly spaced hinge
supports and with an additional torsional spring at each
support, as shown in Fig. 4. In order to focus our attention
on certain key issues in the theory without being obscured by
unnecessary complexities, it is assumed that the beam is
undamped and that only the torsional spring stiffnesses are
random and are described by
k, =ko[1+ X(n)], n=12,.. 37
where k, is the average k, and X(n) are random variables with
zero means. The other physical parameters are assumed to be
deterministic, including the distances between neighboring
supports /, the bending rigidity of the beam EI, and the mass
of the beam per unit length m. Of course, the theory is
applicable when several or all the parameters are random.
Several choices can be made for a typical cell unit in the
analysis. The one selected for the following discussion is a
typical beam element between two neighboring supports plus
the entire right spring. The entire left spring is treated as
belonging to the preceding cell. Then the transfer matrix for
the nth cell is given by?

8 o
[T(n)] = 1— 82 v
X ﬂ )+ﬁ[1 + X)) B +—[1 + X()]
(38)
where
EI w?m\V4
0 =— =] —
T v I< Z ) (392)
coshv cosv — 1 '
" sinhv — sinv (395)
g sinhv cosv — coshv sinv (390)

sinhy — siny

and o = frequency.

The nondimensional § is called the internal (cell-to-cell)
coupling parameter, which is a measure of relative resistance
against a rotation at a support between the beam element and
an average torsional spring. If k, is very large so that J is very
small, then there is little cell-to-cell couplmg, and strong
localization is expected to occur.!®

ky ko ’ ks  kna kn  kyna ky

I OICINCIOING
IR R R

AN AN WANVAN PANNVAY AN
1 2 3 n—1 n N-1 N

ILLJ_:L,! 3 3

Flg 4 A beam on hinge supports w:th additional torsional spring at
each support.
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Fig. 5 Localization factors at frequencies in wave-passage frequency
bands 1-4: a) 6 =1, 6 =0.1; b) 6 =0.1, ¢ =0.1.

The transfer matrix [7] for the ideal cell unit without
disorder and the point transfer matrix [P(n)] lumping the
effect of disorder are obtained as follows:

8 i
7=| y1-p3 B M (402)
T By
1 0
[Pm)] = | X (40b)
é

The eigenvalues of transfer matrix [7] are a reciprocal pair
that may be denoted conveniently by e+, It can be shown
that 0 can be found from?

0 = — 41

cosf =8+ 3 5v 41

and the wave-passage frequency bands are determined by the
inequality

o
—1<f+o=<1 (42)
The wave-transfer matrix [Q(n)] is obtained from
| 1—idX(n) —idX(n)
O] = [iAX(n) 1+ iAX(n)] “43)

where A4 = a/(26v sinf).
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Fig. 6 Localization factors at frequencies in the lower half of the first
wave-passage frequency band: a) 5 =0.01, ¢ =0.25; b) 5=0.01,
=05

The following physical properties have been used in the
numerical calculations: / =0.1651 m, m = 1.8043 kg/m, and
EI =0.3143 N-m2. In addition, X(n) are assumed to be identi-
cally and uniformly distributed between —./3s and /3¢
where ¢ is the standard deviation of X(n).

Substituting Eq. (43) into Eq. (27), we obtain an approxi-
mate localization factor for the case of wave-passage fre-
quency and weak localization:

1
340

y= % tn(1434%%) — 1+ tan~'(,/340)  (44)

where o2 is the variance of X(n), which is assumed to be the
same for all n. If, in addition, the disorder is small, we obtain
from Eq. (29) '

o202

= 852y sin’f (43)

Y

For other cases for which the use of Eq. (27), (32), or (35)
is more appropriate, numerical integrations are generally re-
quired using an assumed probability density for X(n).

The computed localization factors in the first four wave-
passage frequency bands are shown in Figs. 5a and Sb for
d=1,6=0.1 and for § =0.1, ¢ =0.1, respectively. Except
for frequencies very close to the lower boundary of a wave-
passage frequency band (not shown in Fig. 5), all four
equations, Eqs. (27), (29), (32), and (35), yield essentially the
same results and are in excellent agreement with those ob-
tained from Monte Carlo simulations, also shown in the
figure. That the values of the localization factors are below
0.02 is an indication of weak localization in these cases. At
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the lower boundary of a wave-passage frequency band, the
deformations of two neighboring spans tend to be out of
phase (exactly out of phase for an ideal periodic structure)
and the torsional springs at the supports influence the beam
motion to a great extent. Therefore, even a small disorder of
the torsional springs may give rise to strong localization. On
the other hand, the deformations of two neighboring spans
are nearly in phase at the upper boundary of a wave-passage
frequency, and the torsional springs have little effect on the
beam motion. Hence, their disorder is relatively unimportant.

The Monte Carlo simulations referred to earlier were car-
ried out by multiplying a large number of random wave-trans-
fer matrices at a given frequency to obtain one realization of

2.4
9.3
8.2
4 o _ )
.1 o Simulation
b O
h o}
B'B LI S B " T 1 17T l T 17 7 I T T T T I LI B O ] T T TT
9.00 8.85 2.18 8.15 8.20 0.25 2.30
a) o
e.4
8.3+
8.2
1 Simulation
9.1+
e'a T T T 7T ' LA N S | ] T T 1 7T ] T 1 1T ]' T T T T—I T T 1T 7T
0.00 0.85 8.18 8.15 2.20 0.25 0.30
b) o
2.4
] o
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Fig. 7 Localization factors at frequencies near the lower boundaries of
the first wave-passage frequency band: a) 6 =0.1, = 232.5rad/s; b)
86 =0.01, o =318.7 rad/s; ¢) 6 =0.001, © = 339.72 rad/s.



456 G. Q. CAI AND Y. K. LIN

the wave-transfer matrix for the overall N-span system ac-
cording to Eq. (17) and thus one realization of #"(N,1). The
values of N~=1 £x|t'(N,1)| for different realizations were aver-
aged over a sufficient number of realizations to obtain an
estimate for the localization factor. This procedure is different
from the one adopted by Kissel,'® in which an average is
taken of a large number of /ﬂ‘t(ﬂ)l, where each #(n) is the
transmission coefficient of one realization of a single cell. It is
felt that our simulation procedure is physically more mean-
ingful. In our simulations, 300 cells were used in each realiza-
tion, and the average was taken over 2000 realizations.

Figures 6a and 6b depict the computed localization factors
for systems with 6 =0.01, ¢ =0.25 and é =0.01, ¢ =0.50,
respectively, and with frequencies falling within the lower part
of the first wave-passage frequency band. It is seen that the
closer a frequency is to the lower boundary of the wave-pas-
sage frequency band, the more Egs. (27) and (29) overesti-
mate the localization factor, because the reflection coefficients
become larger and the effect of multiple reflection is no longer
negligible. By taking the reflections in only one cell on the
immediate left to account, Eq. (32) yields much more accurate
results than those of Egs. (27) and (29) when compared with
simulation results. Figure 6 shows that, for a beam system
with fixed ¢ and o, localization is strong at a frequency very
near to the lower boundary of a wave-passage frequency
band, and it becomes weaker as the frequency increases: This
implies that the disorder to internal coupling ratio (¢/J) is not
the only factor in determining the intensity of localization, as
once suggested; the frequency location relative to a wave-pas-
sage band is at least another factor. Other factors might be
also important in more complicated systems.

Results obtained from Eq. (27) are generally more accurate
than those obtained from Eq. (29). However, exceptions can
occur, as shown in the higher-frequency region in Figs 6a and
6b. This is due to the fact that both equations are approxi-
mate. Although Eq. (27) essentially retains more terms in the
approximation, it does not follow that those additional terms
will increase the accuracy consistently.

As pointed out earlier, localization may be strong at fre-
quencies near the lower boundaries of wave-passage fre-
quency bands, even when the disorder is relatively small.
Three such cases, 1) § =0.1, w =232.5rad/s; 2) § =0.01,
o =318.7rad/s; and 3) 6 =0.001, w =339.72rad/s, have
been examined in more detail. The results obtained are shown
in Figs. 7a—7c, respectively, with varying standard deviation
of disorder . In all of these cases Eq. (32) is clearly inade-
quate. Equation (35) leads to satisfactory results for cases
2 and 3. For case 1, in which the disorder is also greater,
Eq. (35) is still inadequate, although it is much superior to
Eq. (32). The use of even higher-order approximations is
suggested. -

Concluding Remarks

The successive improvement in accuracy and the inclusion
of structural damping are two important features in the
proposed perturbation scheme for the computation of local-
ization factors for disordered periodic structures. The first
feature permits a unified approach to any disorder to internal
coupling ratio and at any frequency location relative to the
lower boundaries of the wave-passage frequency band. They
are shown to be the governing factors for the degree of
localization in the illustrative examples. The second feature
permits the consideration of practical structures. The formu-
lation based on a generic disordered periodic structure is also
an advantage, since it is not restricted to a specific type of

AIJAA JOURNAL

system, and it facilitates future extension to the case of
multiple coupling between neighboring cells.
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